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At temperatures below the critical temperature of superfluid phase transition baryonic matter
emits neutrinos by breaking and recombination of Cooper pairs formed in the condensate. The
strong interactions in the nuclear medium modify the weak interaction vertices and the associated
neutrino loss rates. We study these modifications non-perturbatively by summing infinite series
of particle-hole diagrams in the S-wave superfluid neutron matter. We argue that a consistent
approach requires fulfillment of the dispersion relations for the polarization tensor, which insure the
unitarity of the S-matrix. The pairing and particle-hole interactions in neutron matter are described
in the framework of the BCS and Fermi-liquid theories derived from microscopic interactions. The
neutrino loss rates in the vector channel are enhanced compared to the rates derived from free-space
weak vertices in the temperature domain close to the critical temperature, Tc, but are suppressed
by factors 5-10 for temperatures below 0.5 Tc. The vertex corrected axial vector current emission is
suppressed by the ratio of the baryon to the neutrino velocity squared.
I. INTRODUCTION
Pair-correlated baryonic matter in compact stars emits
neutrinos via the weak neutral current processes of pair-
breaking and recombination [1, 2, 3]
{NN} → N +N + νf + ν¯f , N +N → {NN}+ νf + ν¯f ,
(1)
where {NN} refers to a Cooper pair, N+N to two quasi-
particle excitations, νf and ν¯f to the neutrino and anti-
neutrino of flavor f . The process (1) is limited to the tem-
perature domain T ∗ ≤ T ≤ Tc, where Tc is the critical
temperature of pairing phase transition and T ∗ ∼ 0.2 Tc.
At and above Tc this reaction cannot occur, since mo-
mentum and energy cannot be conserved simultaneously
in a process N → N + νf + ν¯f , i. e., an on-mass-shell
fermion cannot produce bremsstrahlung (in the absence
of external gauge fields). At asymptotically low tempera-
tures, T ≤ T ∗, the rate of the process (1) is exponentially
small since the number of excitations out of the conden-
sate is suppressed as exp(−∆/T ), where ∆(T ) is the gap
in the quasiparticle spectrum.
Cooling simulations of neutron stars revealed the ef-
ficiency of the processes (1) in refrigerating the bary-
onic interiors of a compact star from temperatures T ≤
Tc ∼ 109 K down to temperatures of the order of 108
K [4, 5, 6, 7]. The temperature domain above corre-
sponds to the neutrino cooling era that spans the time
domain 102 ≤ t ≤ 105 years. The predicted surface tem-
peratures of neutron stars during this and the following
photon cooling era (where the star loses its thermal en-
ergy by emission of photons from the surface) are sen-
sitive to the neutrino emission rates within this time-
domain. Remarkably, the process (1) relates the cool-
ing rate of a compact star to the microscopic physics of
its interiors and is particularly sensitive to the density-
temperature phase diagram of paired baryonic matter.
Therefore, the measurements of the surface (photon) lu-
minosities of neutron stars and their interpretation in
terms of cooling simulations have predictive power for
analyzing the phase diagram and composition of bary-
onic matter [8, 9, 10, 11].
The rate of the process (1) was computed indepen-
dently (and within alternative methods) in Refs. [1, 2] in
the case where the pairing interaction is in the 1S0 partial
wave, i. e., nucleons are paired in a spin-0, isospin-1 state.
In propagator language these rates correspond to the one-
loop approximation to the polarization tensor of baryonic
matter [2, 11]. The authors of Ref. [2] also estimated the
corrections to the weak neutral current vertex due to the
strong interactions to be O(1) in strong coupling. The
one-loop result is also available for the reaction (1) in
the high-density regime, where the pairing interaction is
in the 3P2 partial wave, i. e., nucleons are paired in
a spin-1, isospin-1 state [12]. In this density regime the
charged baryons become superconducting in the 1S0 par-
tial wave, with similar implications for the neutrino rates
as for (charge-neutral) neutrons at low densities [13, 14].
In this work we set up a formalism for computing the
vertex corrections to weak reaction rates that arise due
to the strong interactions in baryonic matter. We con-
sider the case of neutron matter at subnuclear densi-
ties, which we describe within the Landau Fermi-liquid
theory derived from microscopic interactions. At these
densities neutron matter is characterized by an isotropic
order parameter arising form the interaction in the 1S0
partial wave channel; we solve the corresponding prob-
lem of pairing in the framework of the Bardeen-Cooper-
Schrieffer (BCS) theory. In the non-relativistic limit, the
vector and axial vector weak vertices are associated with
scalar and spinor perturbations. Thus, the problem of
the weak vertex renormalization reduces to a study of the
effective three-point vertices that sum-up particle-hole
irreduceable ladders in superfluid matter in the scalar
and spin channels. These resummations arise in the the-
ories of superfluid Fermi-liquids that are based on the
quasiparticle random phase approximation (QRPA); in
the low-frequency, long-wave-length limit these theories
2describe the collective modes of superfluids [15, 16, 17].
Note that in the present problem of neutrino radiation
the high-frequency and long-wave length domain is rele-
vant, since the pair breaking requires perturbations that
are large enough to break a Cooper pair, while the finite
momentum transfer contributions are suppressed as the
even powers of the baryon Fermi-velocity over the speed
of light (neutrino velocity).
The renormalization of the weak vertices leads to ad-
ditional contributions to the neutrino loss rate compared
to the one loop approximation, since the effective ver-
tices are complex in general and a larger number of topo-
logically non-equivalent polarization tensors are possible.
We confirm the estimate of Ref. [2] that the vertex cor-
rections are of the order of O(1) in the strong coupling
and do not change the one-loop results by many orders of
magnitude. Nevertheless, the details of the temperature
dependence of the neutrino loss rates are significantly af-
fected by the vertex corrections; these changes are signif-
icant enough to affect the cooling rates of neutron stars
quantitatively. Our results are in contrast to the recent
claim in Ref. [18], that the vertex corrections in the vec-
tor channel reduce the rates computed at the one-loop
level by many orders of magnitude; we shall return to
this problem in Section IV.
The paper is organized as follows. Section II intro-
duces the Green’s functions formalism and computes, for
the sake of illustration, the neutrino rates at one-loop. In
Sec. III the modifications of the weak interaction vertices
are computed by summing up particle-hole ladders in su-
perfluid neutron matter. Section IV is devoted to the
computation of the full polarization tensor that includes
the vertex corrections derived in the preceding Section.
Section V contains our conclusion. Some technical details
are relegated to the Appendix.
II. S-WAVE PAIR-CONDENSATION IN
NEUTRON MATTER
The neutron pair-condensate at subnuclear densities
will be described in the framework of the Fermi-liquid
theory, which assumes that the elementary degrees of
freedom are quasiparticles with well defined momentum-
energy relation and infinite life-time. The interactions
between the quasiparticles are then described in terms
of Landau parameters which depend on the momentum
transfer (or scattering angle). Since the scattering an-
gles involved are typically small, the momentum depen-
dence of Landau parameters is further approximated by
the leading and next-to-leading order terms in the ex-
pansion in Legendre polynomial with respect to the scat-
tering angle. The problem of pairing in neutron mat-
ter will be solved below within the BCS approxima-
tion, where the anomalous self-energy (the gap function)
is computed from the bare (realistic) interaction while
the normal self-energy is computed within the decou-
pling approximation which ignores the effects of pair-
correlations on the single particle spectrum of quasipar-
ticles. A number of factors such as the renormalization
of the pairing interaction [19, 20, 21, 22, 23, 24, 25, 26],
the wave-function renormalization [27, 28, 29, 30], the
self-consistency among the normal and anomalous self-
energies [28], affect the absolute value of the gap. The
role of these factors has not been settled yet, and we shall
employ below the standard BCS approach which has led
to convergent and verifiable results for neutron matter
(see the reviews [31, 32, 33]).
Since the baryonic component of stellar matter is in
thermal equilibrium to a good approximation, we shall
adopt the Matsubara Green’s functions for the descrip-
tion of the neutron condensate and for the evaluation of
the polarization tensor. In the case of 1S0 pairing these
are defined as (e. g. Ref. [34], pg. 120)
Gˆαα′ (p, τ) = −δαα′〈Tτapα(τ)a†pα′ (0)〉, (2)
Fˆαα′ (p, τ) = δςς′〈Tτa−p↓(τ)ap↑(0)〉, (3)
Fˆ †αα′ (p, τ) = δςς′〈Tτa†p↑(τ)a†−p↓(0)〉, (4)
where α stands for spin σ =↑, ↓ and isospin ς, τ is the
imaginary time, Tτ is the imaginary time ordering sym-
bol, a†pσ(τ) and apσ(τ) are the creation and destruction
operators. In the momentum representation the propa-










Fˆαα′(ipn,p) = −iσyδςς ′upvp
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and F †αα′(ipn,p) = Fαα′(ipn,p), where pn = (2n +
1)πT is the fermionic Matsubara frequency, σy is the y-
component of the Pauli-matrix, u2p = (1/2)(1 + ξp/ǫp)






is the quasiparticle spectrum, where ξp = p
2/2m +
ReΣ(p) − µ is the spectrum in the unpaired state with
m and µ being the bare mass and chemical potential.
Here Σ(p) and ∆(p) are the normal and anomalous self-
energies. For the later diagrammatic analysis we shall
need the hole propagator which is given by










Since the quasiparticles are confined to the vicinity of
the Fermi-surface a momentum expansion of the normal
self-energy can be carried around the Fermi momentum,











FIG. 1: Temperature dependence of the 1S0 pairing gap in
neutron matter for Fermi wave vectors pF = 0.4 (solid line),
0.8 (dashed line), 1.2 (dashed-dotted line) and 1.6 (dashed-
double-dotted line).















where µ∗ ≡ −ǫ(pF )+µ−ReΣ(pF ) is the effective chemical
potential, m∗ is the effective mass.
The off-mass-shell part of the self-energy will be ap-
proximated by its value on the mass shell; the wave-
function renormalization which accounts for the next-to-
leading term in the expansion around the Fermi-energy
is thus set to unity. The BCS mean-field approximation
to the anomalous self-energy can be written in terms of






Γ(p, p′) ImF (p′)f(ω′) , (11)
where f(ω) = [1 + exp(βω)]−1 is the Fermi distribution
function and β is the inverse temperature. For the prob-
lem of neutron matter at subnuclear densities we adopt
the standard BCS approach and thus approximate the
four-point vertex by the bare interaction in the 1S0 par-
tial wave channel and the single particle spectrum by the
on-shell spectrum given by Eq. (9). With these approxi-










The gap equation is supplemented by the equation for
TABLE I: Density dependence of the effective mass, the scalar
and spin-spin interactions, the pairing gap and the critical
temperature; the interactions are given in units of the density
of states ν(pF ).
pF m
∗/m vV vA ∆(pF ) Tc
[fm−1] [MeV] [MeV]
0.4 1.02 -0.56 0.55 1.54 0.85
0.6 1.00 -0.50 0.49 2.60 1.44
0.8 0.97 -0.47 0.44 3.15 1.78
1.0 0.94 -0.45 0.41 3.09 1.80
1.2 0.92 -0.43 0.40 2.44 1.46
1.4 0.88 -0.41 0.40 1.41 0.88
1.6 0.84 -0.36 0.39 0.57 0.38






which determines the chemical potential in a self-
consistent manner. Fig. 1 shows the temperature depen-
dence of the 1S0 pairing gap in neutron matter for several
densities parameterized in terms of the Fermi wave num-
ber, ρ = p3F /3π
2. The gap at zero temperature and the
critical temperature for unpairing are listed in the Ta-
ble I.
Within the adopted Fermi-liquid description of neu-
tron matter, the particle-hole interaction is given by
V ph(q) = vV (q) + vA(q)(σ · σ′), (14)
where σ refers to the Pauli matrix. The Landau parame-
ters vV (q) and vA(q) depend on the momentum transfer
q in the process where both fermion momenta are on
the Fermi-surface (in the common notation these corre-
spond to the f and g Landau parameters; the present
notation anticipates that these constants are the driving
terms in the vector and axial-vector channels). Note that
the (small) tensor and spin-orbit terms are neglected in
Eq. (14). The full dependence of these parameters on
the momentum transfer is commonly approximated by
a Legendre polynomial with respect to the angle formed
by the incoming fermions, whereby only the leading and
next-to-leading order terms contribute significantly.
Table I lists the effective mass, the zeroth order Lan-
dau parameters in the scalar and spin channels, and the
pairing gap in the zero-temperature neutron matter com-
puted with the CD Bonn potential [35]. The Landau pa-
rameters were computed by using the method of Ref. [36].
The solution of the gap equation was obtained by apply-
ing the iterative method with “running” cut-off as de-
scribed in Ref. [37]. The values for pairing gaps quoted
above should be viewed as an upper limit, since the wave-
function renormalization and the screening of pairing in-
teraction are likely to reduce these values.
4FIG. 2: The one-loop contribution to the polarization tensor in the superfluid matter; solid lines refer to the
baryon propagators, wavy lines to the (amputated) Z0 propagator.
III. THE PAIR-BREAKING PROCESSES AT
ONE-LOOP
The neutrino emissivity (the power of the energy radi-
ated per unit volume in neutrino-anti-neutrino pairs) is

















d3q δ(q1 + q2 − q)δ(ω1 + ω2 − q0) q0
× g(q0)Λµζ(q1, q2)ℑmΠµζ(q), (15)
where G is the weak coupling constant, qi = (ωi, qi),
i = 1, 2 are the on-mass-shell four-momenta of neutri-
nos, g(q0) = [exp(q0/T ) − 1]−1 is the Bose distribu-
tion function, Πµζ(q) is the retarded polarization tensor,
Λµλ(q1, q2) = Tr
[
γµ(1− γ5) 6q1γν(1− γ5) 6q2
]
. Here and
below the emissivities are given per neutrino flavor; the
total rate is obtained upon multiplying the single flavor
rate by the number of neutrino flavors within the stan-
dard model, Nf = 3. The polarization tensor of baryons






G(p)G(p + q)∓ F (p)F †(p+ q)] ,
(16)
where p = (ip0,p). The upper/lower signs correspond to
vector current (V ) and axial vector current (A) couplings,
Gˆαα′(ipn,p) = δσσ′δςς
′G(ipn,p) and Fˆαα′ (ipn,p) =
−iσyδςς ′F (ipn,p). In writing Eq. (16) we assumed that
baryons carry the same isospin quantum number.







iq + ǫp − ǫk −
B∓








iq − ǫk − ǫp −
D∓
iq + ǫp + ǫk
)
, (17)




k ∓ h, B∓ = v2pv2k ∓ h, C∓ = u2kv2p ± h, D∓ = u2pv2k ± h, h = upukvpvk. To obtain the rate
of neutrino generation (15) we need the imaginary part of the polarization tensor which, after analytical continuation








[f(−ǫp)− f(ǫk)] [C∓ δ(ω − ǫp − ǫk)−D∓ δ(ω + ǫp + ǫk)] . (18)
To obtain the first line we used the fact that the quasiparticle spectra are invariant under spatial reflections, i. e.,
ǫ(−p) = ǫ(p).
The first line in Eq. (18) corresponds to the process of
scattering where a quasiparticle is promoted out of the
condensate into an excited state, or inversely, an exci-
tation merges with the condensate. The corresponding
piece of the response function ℑmΠV/A(q) vanishes for
small momentum transfers. Indeed neutrino energies are
of the order of temperature which implies that their wave
vectors q ∼ ων/~c ∼ T/~c ∼ 1/197.3≪ 1. On the other
hand the neutron wave vectors p ∼ pF ∼ 1 fm−1. Upon
expanding the argument of the delta-function with re-
5spect to |q| around the point q = 0 one finds













If we assume that ∆ 6= ∆(p) the third term on the
l. h. side vanishes. It follows that x ≡ (p · q)/pq =
(ǫp/ξp)(ω/vq) ≤ 1, where v (∼ vF ) is the baryon (Fermi)
velocity. For on mass-shell neutrinos ω = cq and the
latter condition can not be satisfied, i. e. the scattering
contribution can be neglected. We shall not evaluate the
effects of non-locality in the momentum and frequency
domain on the neutrino rates here, as it will require mod-
eling of the momentum and frequency dependence of the
gap function (for the S-wave interactions the momentum
dependence is described, e. g., in Refs. [30, 39, 40, 41] and
the energy dependence in Refs. [27, 28, 29]). The second
line in Eq. (20) describes the process of pair-breaking
and recombination, i. e., excitation of pairs of quasipar-
ticles out of the condensate, and inversely, restoration of
a pair within the condensate. Since we are interested in
the emission process we shall keep only the terms that do






This contribution to the polarization tensor can be eval-
uated analytically in the limit q → 0 and the case
∆ 6= ∆(p) and is given by







ω2 − 4∆2 θ(ω − 2∆), (21)






where ν(pF ) = m
∗pF /2π






contribution to the axial current response is given in Ref. [1]. Note the threshold behavior of the vector
current response, which is finite for frequencies that are large compared to 2∆ - the energy needed to break a pair.
Upon substituting Eq. (21) in Eq. (15) and carrying out the phase-space integrals we obtain the emissivity per





7 I1(ζ) ≡ ǫ0 I1(ζ), (23)












Note that the rate (23) scales as ζ7 and, consequently, it is most sensitive to the magnitude of the pairing gap. Because
of the substantial density dependence of the gap, the emissivity (23) varies strongly across the stellar interior, with
important implications for the cooling of neutron stars [4, 5, 6, 7, 8, 9, 10, 11].
IV. WEAK INTERACTION VERTICES
Consider the weak vector and axial vector vertices in the nuclear medium featuring a condensate. Because the
particle-hole interactions in the medium (which are represented by the Landau parameters in Table I) are not small, the
vertex renormalization requires a summation of an infinite number of particle-hole loops. There are four topologically
non-equivalent vertices in the superfluid state in general, but, as we shall see, the particle-hole symmetry reduces
their number by one. Since neutrons pair in an isospin-1 state (neutron-proton pairing is unimportant for large
asymmetries [42, 43]) we shall suppress the isospin indices. Further we shall keep the lowest order Landau parameters
in their expansion in Legendre polynomials, since the next-to-leading order terms are suppressed by powers of vF /c.
Thus, the effective particle-hole interaction is given by
v = vV + vA(σ · σ′). (25)
























6FIG. 3: Coupled integral equations for the effective weak vertices in superfluid baryonic matter. The “normal” Γ1 vertex (full
triangle) and two “anomalous” vertices Γ2 (hatched) and Γ3 (shaded triangle) are shown explicitly, the fourth vertex (empty
triangle) is obtained by interchanging the particle and hole lines in the first line. The anomalous vertices vanish in the normal
state.
and are displayed diagrammatically in Fig. 3. Here Fˆ = −iσyF , va with a ∈ V,A are defined in Eq. (25), while
ΓV0 = 1 and Γ
A
0 = σ. The fourth integral equation for the vertex Γ
a
4 follows upon interchanging in Eq. (26) particle

















with similar expressions for Eqs. (27) and (28). Even though the driving interactions are local in time, the resumma-
tions at finite temperatures lead to time-retarded interactions, which imply that the effective vertices in Eqs. (26)-(28)
are complex in general. Considering the scalar interaction ΓV0 we obtain
 1− v
V [ΠGG(q)−ΠFF (q)] ΠGF (q) ΠFG(q)
−2ΠGF (q) 1− vV ΠGG†(q) ΠFF (q)




























X(p)X ′(p+ q). (31)





1 = −ΓA4 . For energy-momentum independent interactions the integral equation (30) reduces to three
coupled linear equation for the complex functions ΓVi , i = 1, 2, 3. The details of the computation of the coefficients in
Eqs. (30) are relegated to the Appendix. Fig. 4 shows the dependence of real and imaginary parts of the pair-breaking
components of the polarization tensors in units of the density of states upon the frequency. The imaginary parts are
odd while the real parts are even functions of the frequency. These are related by the Kramers-Kronig relation (A15),
which follows from the unitarity of the S-matrix for the emission process of interest. The major contribution to the
polarization tensor arises from the vicinity of the threshold ω = 2∆; the asymptotic behavior of the Bogolyubov
coefficient vp guarantees that the polarization tensors vanishes for large frequencies. This is not the case for the
polarization tensor ΠG†G. The correct asymptotics is obtained upon subtracting its counterpart in the normal state,
since the resummation of the particle-hole ladders in the normal state have been already included in the definition of
the vertex vV . Thus, we consider below the quantity ΠG†G(q,∆)−ΠG†G(q, 0). In the case of axial-vector interactions
the effective vertices are given by
 1 ΠGF (q) ΠFG(q)0 1− vAΠGG†(q) ΠFF (q)




































































FIG. 4: (Color online) Dependence of the imaginary (solid) and real (dashed, red online) parts of the polarization tensors in
units of density of states on the frequency for vanishing momentum transfer q = 0. The density corresponds to pF = 1.2 fm
−1,
the temperature T/Tc = 0.85. Upper panel from left to right: ΠGG(ω), ΠGF (ω), and ΠF G(ω); lower panel from left to right:
ΠF F (ω), ΠGG† (ω) and ΠG†G(ω).
The dependence of the real and imaginary parts of the vector vertex functions on the frequency is shown in Fig. 5.
The absolute magnitude of these vertices is representative for the magnitude of the suppression of the neutrino loss
rates by the vertex corrections. Consistent with the properties of the polarization functions, the real parts are even,
while the imaginary parts are odd with respect to the change in the sign of the frequency. At the frequency ω = 2∆
the real and imaginary components of the vertices vanish, which guarantees the threshold behavior of the loss rates.
At large frequencies (ω →∞) one finds Γ1 → vV and Γ2 ∼ Γ3 → 0 asymptotically. Note that the “normal” vertex Γ1
can not be approximated by its bare value at the frequencies ω ∼ 2∆ relevant for the loss processes; indeed, as seen in
Fig. 5, its renormalization is substantial and it even changes its sign. The effective vertices are larger for temperatures
closer to Tc, as seen from a comparison of the upper and lower panels in Fig. 5. As a result the neutrino loss rates
are enhanced at T → T−c .
In the relevant kinematical domain 2∆ ≤ ω ≤ ∞ and q = 0 the real components of vertices do not have poles,
i. e., there are no collective excitations. The well-known low-frequency, long-wave-length collective modes of BCS
superfluids are located in the domain ω ≪ 2∆. Their dispersion relation, corresponding to acoustic oscillations, is
given by ω2 = (v2F q
2/3)[1 + ν(pF )v
V ], to the leading order in v2F /c
2 expansion.
V. THE FULL POLARIZATION TENSOR AND THE EMISSIVITY
Having determined the effective vertices ΓVi (ω), we are in a position to construct the complete polarization tensor,










G(p)G(p+ q)− F (p)F †(p+ q)]ΓV1 (ω)



































FIG. 5: (Color online) Upper panel: Dependence of the real (upper row) and imaginary (lower row) parts of the vertices Γi,
i = 1 solid (black online) i = 2 dashed (red online) and i = 3 dashed-dotted (blue online) on the frequency for vanishing
momentum transfer q = 0. The density corresponds to pF = 1.2 fm
−1, the temperature T/Tc = 0.6. Lower panel: The same
as in the upper panel, but for T/Tc = 0.85.
The analogous expression for the axial vector current contribution vanishes at the order we are working. We have
seen in Sec. IV that the anomalous vertices ΓA2 = Γ
A





G(p)G(p+ q) + F (p)F †(p+ q)
]
ΓA1 (ω), (34)
disappears because the expression in the brackets is O(v2F /c
2), while ΓA1 (ω) ∼ O(1). The complete polarization tensor
in the vector channel is shown in Fig. 7 for two temperatures T/Tc = 0.6 and T/Tc = 0.85 at pF = 1.2 fm
−1, along
9FIG. 6: The sum of polarization tensors that contribute to the neutrino emission rate. The contributions form Π(b)(q) and
Π(c)(q) vanish at one-loop.
with the polarization tensor without vertex corrections. The full polarization tensor is reduced significantly (by a
factor of 10) compared to its counterpart without vertex corrections. Apart from this main qualitative effect, finer
modification include a redistribution of the weight from the threshold frequency in the one-loop case to the larger
frequencies in multi-loop case and (related) broadening of the resonance structure in the latter case. Upon substituting
Eq. (33) in Eq. (15) we obtain
ǫνν¯ = ǫ0 (I2 + I3), (35)
where







[ImΠi(ω) ReΓi(ω)] , (36)







[ReΠi(ω) ImΓi(ω)] . (37)
These integrals are done numerically with the functions Πi(ω) and Γi(ω) defined in the previous Section (see Figs. 4






















FIG. 7: (Color online) Dependence of the imaginary (upper panel) and real (lower panel) parts of the full vector current
polarization tensor on the frequency at pF = 1.2 fm
−1 for T/Tc = 0.6 (solid line) and T/Tc = 0.85 (dashed line, red online).



















FIG. 8: Dependence of the integrals I1 (upper panel) and I2, I3 (lower panel) on the reduced temperature for Fermi wave
vectors pF = 0.4 (solid line), 0.8 (dashed line), 1.2 (dashed-dotted line) and 1.6 (dashed-double-dotted line).
panel) along with the one-loop integral I1 (upper panel). For T → Tc the both rates vanish, consistent with the
observation that the pair bremsstrahlung is absent in normal matter for on-shell (non-interacting) baryons. At small
T ≤ 0.3Tc the rates are suppressed exponentially as exp(−∆/T ). The temperature domain intermediate between these
limits is the most relevant for the neutrino losses via the pair-breaking process; within this domain the temperature
dependence of the full and one-loop rates are substantial. The effect of vertex corrections is twofold: for temperatures
0.8 ≤ T/Tc ≤ 1 the loss rate is moderately enhanced compared to the one-loop result; this can be traced back to the
enhancement of the effective vertices in the domain T ∼ T−c . At lower temperatures the rates are strongly suppressed;
e. g. at T/Tc = 0.6 the vertex corrected rate is about 20% of the one-loop rate. Thus the one-loop rates provide the
correct magnitude of the loss rates in the domain close to the critical temperature, but overestimate the true rate by
large factors at lower temperatures. Note also that the density dependence of the full loss rate is stronger than in the
one-loop case.
Our results are in contrast to those obtained in Ref. [18], where it was claimed that the vertex corrections suppress
the one-loop rate by many orders of magnitude. One potential problem is that Ref. [18] employed vertices that are
valid only in the low-frequency ω ≪ 2∆ and zero temperature limits - domains that are not relevant to the problem
at hand. Furthermore, the vertices were assumed to be purely real, in which case the dispersion relations for the
polarization tensor and the unitarity of the S-matrix are violated.
VI. SUMMARY
The neutrino loss rate from neutron superfluid at subnuclear densities via neutrino pair bremsstrahlung has been
studied within a microscopic model based on the Fermi-liquid and BCS theories. The modifications of the weak
interaction rates in the nuclear medium were studied by summing infinite series of irreduceable particle-hole diagrams
in terms of a contact (momentum and energy independent) driving interaction. These modification are embodied
in the vertex functions that are computed from polarization tensor components corresponding to the pair-breaking
process within the kinematical domain ω ∈ [2∆;∞] and q → 0. Special attention was paid to preserving the dispersion
relations for the polarization tensor components, that are implied by the unitarity of the S-matrix for the emission
process.
11
We find neutrino loss rates that are enhanced above their one-loop counterparts in the temperature domain close
to the critical temperature, but are strongly reduced in the temperature domain below 0.5 Tc. These findings are
in qualitative agreement with the earlier estimate of these corrections in Ref. [2], but differ substantially at the
quantitative level.
While we concentrated above on the neutral current interactions, our formalism can be adapted to compute the
rates of charge-current Urca process n → p + e+ νe beyond the one-loop rate derived in Ref. [44]. These should be
subject to strong correction due to the tensor neutron-proton correlations. Another aspect is the modification of rates
from P -wave condensate in denser regions of neutron star cores; for that purpose the formalism above needs to be
extended to the tensor 3P2-
3F2 partial wave channel. Vertex corrections could be substantial in the related problem of
neutrino emission and propagation in quark matter, where one-loop results for a number of processes became available
recently [45, 46, 47, 48, 49, 50, 51, 52].
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APPENDIX A: LOOP INTEGRALS
Here we quote the results for the loop integrals and polarization tensors that have been used in the main text.
The loop integrals are defined as products of the Matsubara Green’s functions, after the Matsubara sums have been
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[f(−ǫp)− f(ǫk)] . (A5)
The remainder loop integrals are obtained from those defined above through the relations
LG†G†(iq,p) = LGG(−iq,p), LGF (iq,p) = LFG(−iq,p), (A6)
LGG†(iq,p) = LG†G(−iq,p), LG†F (iq,p) = LFG†(−iq,p), (A7)
where, except for the first relation, we used the fact that the quasiparticle spectrum is reflection invariant, ǫ(−p) =
ǫ(p). This means that we can interchange simultaneously k↔ p without affecting the result. The retarded polarization
tensor is obtained by analytical continuation in the loop integrals LX,X′(iq,p) = LX,X′(ω + iδ,p) and by subsequent
integration over the three-momentum p according to the Eq. (31).
Next we concentrate on the pair-breaking contributions. The imaginary part of the associated polarization tensor





KXX′(up, vp, uk, vk)δ(ω − ǫp − ǫk) [1− f(ǫp)− f(ǫk)]













p, KFG = upvpu
2
k, (A9)
KGF = −ukvkv2p, KFF = −upvpukvk, (A10)
KG†G = −u2pu2k − 1, KGG† = −v2pv2k, (A11)























Since KGG = KG†G† , KGF = KFG† , and KFG = KG†F there are six independent polarization tensors left. The real
parts of the loop integrals and polarization tensors can be computed either through principal value integration in






ω′ − ω . (A15)
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